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condition. Based on differential geometrical discussion and curved beam theory, a non-
linear differential equation system which contains the unknown variable helical angle is
established. Moreover, different expressions of wires’ strain before and after wires’ slip
are included in the paper to underline the discrepancy between scenarios in non-slippage
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Bending ally implicit in previous work, can be obtained numerically, revealing potential application
Variable helical angle in global bending problem. Case studies compared with results obtained through analyt-

ical and numerical models available in the literature as well as parametric analyses cor-
responding to original helical angle, initial tensile force, friction coefficient and bending
curvature are performed to verify the feasibility of the proposed theoretical method.
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1. Introduction

Flexible pipes are tubular composite structures which are now widely used in offshore oil and gas field, especially in deep
water scenarios. The flexible pipe system represents an indispensable part, mainly designed for liquid and gas transportation.
A typical structure of unbonded flexible pipe, as shown in Fig. 1, is composed of many reinforced independent layers with
specific purposes that can suffer high global bending deformation.

Among the layers, tensile armours, conventionally made wound steel helical wires with a series of nearly rectangular
cross-section, are the cardinal parts to provide low bending stiffness compared to axial and radial stiffness. Due to tensile
loads and cycling bending, armour wires are also the primary cause for high cycle stress fatigue failure.

To date, extensive research focused on bending behavior of flexible pipes has been conducted in a way to investigate
the local mechanical behavior of armour wires. Different approaches have been carried out in order to search for an opti-
mized method to simulate and predict the structural response. Some studies [1-3] initially proposed theoretical methods to
calculate stresses of armour wires based on Euler’s formula. The bending stress of a helical wire on a bent cylinder can be
derived by the simplified system under the assumption that only geodesic slip is allowed in the theoretical model. Moreover,
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Nomenclature

r radius of the bent pipe

R radius of the helical layer

0, ¢ angular coordinate

S wire arclength

o helical layer angle

& variable helical angle, the complementary angle of o
T local unit tangential vector of the curve

N local unit normal vector of the surface

B local unit binormal vector

Kg geodesic curvature of the wire

Kn normal curvature of the wire

Tg torsion of the wire

F, F wire sectional force and its component in orthonormal basis
M, M wire sectional moment and its component

DD wire distributed load and its component

m, m wire distributed moment and its component
K torus curvature %

E elastic modulus

G shear modulus

A wire cross sectional area

e tangential strain of the wire

Iy wire second N-axial moment of area
Ip wire second B-axial moment of area
Ip wire second polar moment of area

A1, Ag wire slips in T and B directions
Ac, Ap wire slips in angular coordinate directions

Costello [4] developed a model for wire ropes considering curved beam equilibrium equations, contributing to the bending
behavior study of flexible pipes.

Witz and Tan [5] derived an analytical model for helical layers of unbonded flexible pipes using energy method. In this
model, the discussion of overall resultant bending moment was included. A hysteretic bending moment-curvature relation-
ship was also proposed, reflecting the different observed behavior before and after armour wires’ slip. Sevik [6] developed
a 3D curved beam element by applying a computational model with prescribed curvature. Subsequently, the 3D curved el-
ement for umbilical analysis was improved by theoretical and experimental studies in [7-9]. In order to calculate stresses
and slips in flexible armour layers, the bending behavior and local buckling resistance were investigated in [10,11]. Based
on [11], Leroy and Estrier [12] improved the expressions of stresses and slips for both two armour layers. A repeated bend-
ing behavior with frictional effects was also analyzed in [12]. However, some geometrical assumptions such as the relation
between torus coordinates € and ¢ were made in the literature to support the structure of mathematical model.

Outer sheath

Tensile armour

Carcass

Pressure armour

Inner Liner

Fig. 1. The structure of flexible pipe.
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Ramos and Pesce [13] also presented an analytical model incorporating bending, twisting and tension. The system can be
solved assuming full-slip of the helical layers when subjected to bending. Brack et al. [14] studied the potential failure modes
of flexible pipes subjected to combined forces by applying the finite element method. Another finite element model devoted
to axisymmetric analyses was proposed by Bahtui et al. [15,16]. In the model, a fully explicit time-integration scheme was
established. @stergaard et al. [17] focused on the geometrical configuration deriving and solving a unified system of differ-
ential equations and disregarding frictional effects. Based on [17], @stergaard et al. [18] then incorporated frictional forces
and developed the cycling bending model under combined compression and bending. Moreover, bending behavior studies
and the involved mechanics of flexible pipes were also investigated by both laboratory tests and three-dimensional finite
element model in [19-23]. As a potential alternative in the field of oil/gas transportation in shallow water, Metallic Strip
Flexible Pipes (MSFP) were further studied in [24,25] to underline the vital influence of tensile loads.

Although considerable research has been carried out through experimental and numerical approaches to analyze the me-
chanical behavior of armour wires in bent flexible pipes, few analytical models were established to determine the underlying
mechanism of wires’ slip mode under bending. In [12], slip of armour wires was divided into two orthogonal components
represented the projections of real slip vector onto tangential and binormal directions, letting the armour wires move freely
on the circular torus surface. Moreover, Zhou and Vaz [26] systematically analyzed the local mechanical behavior of armour
wires based on the model provided in [12]. However, due to some unclear parts in the geometrical model, the original heli-
cal angle of armour wires was applied in this initial system. That is, although there are some established analytical models
that describe the armour wires slip in bent flexible pipes, the changing of helical angle is fairly difficult to be calculated
theoretically due to peculiar intrinsic characteristics of this differential geometry model. For instance, trying to establish the
relations of traditional space between distance and angle in the case of non-Euclidean geometry is usually tough.

It is of great significance to study the underlying mechanism of variable helical angle of armour wires in bent flexi-
ble pipes. In global bending research of flexible pipes, there are several analytical models trying to simulate the hysteretic
bending moment-curvature relation found in practical applications in offshore engineering. Witz and Tan [5] proposed that
the hysteretic phenomenon was caused by the missing of part of bending stiffness after critical curvature during the bend-
ing process. Whereafter, Kebadze and other authors [27-29] put forward a new theoretical method that could explain the
continuous change of bending stiffness. They introduced a smooth transition between non-slippage and slippage regions in
moment-curvature function. The developed model still awaits verification on account of the constant bend stiffness hypoth-
esis [30] corresponding to the curvature increase in the slippage region. In these analytical models, although helical angle
has an important role to show influence on the final result of global bending stiffness, the original expression of bending
moment itself can be only linear since the helical angle was considered as a constant. These analytical studies introduced
nonlinear response based on different expressions in progressive and full slip regions due to frictional effect. If the problem
based on variable helical angle of armour wires can be solved, an ameliorative arithmetic of this global bending problem
which can better simulate the resultant moment will be established theoretically, i.e., the proposed method introduces non-
linearities in bending response solely related to the variable helical angle hypothesis.

This paper aims at investigating the mechanism of tensile armour wires in flexible pipes when helical angle is no longer
considered as a constant under the bending condition. Based on existing theories in differential geometry and curved beam,
an analytical approach is chosen to establish the non-linear differential equation system. Besides, differently from other
discussions in the literature, the expressions of strains before and after wires’ slip are separately introduced. From the
equation system, the variation of the helical angle can be numerically calculated and the changing tendency of the armour
wire angle is therefore clearly revealed.

2. Relevant geometry foundation

In this section, several basic mathematical foundations in differential geometry are listed. These fundamental equations
are preliminaries for next geometrical discussion of local armour wires in flexible pipes. Since bent flexible pipes are tubular
composite structures, it is essential to set up a mathematical description on curved surface structure.

A subset ¥ c R? is a regular surface, if it establishes a map, satisfying the following form,

X

E(XZ):RZB?‘ZZI:Z]HE(?‘E): y €R3 (1)
4

The surface is continuous and smooth, namely, the vector form X(xx) = (x(u, v),y(u, v), z(u, v)) can be used to study
differential and integral calculus. All the geometrical quantities can be deduced from Eq. (1), including the first and second
fundamental form, three local unit vectors (T, N, B) on the surface and two principal curvatures x; and «, which are the
extreme values of normal curvature at one point. All the details and derivation are based on the theory of differential
geometry by do Carmo [31].

If there exists an arbitrary curve s adhering to this surface, the normal vector of curve n is replaced by the normal vector
of surface N. Moreover, the tangential vectors t and T are coincident. Hence, a rotation from Frenet-Serret frame (t, n, b) to
Darboux frame (T, N, B) is formulated, see Fig. 2. Note that, vectors b and B are not presented in the following figure for
convenience. However, the two vectors can be easily obtained in corresponding frame by using the right-hand rule.
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Fig. 2. Local frame transformation.

The unit normal vector N can be derived by the surface derivatives with respect to surface coordinates © and v, which
span the tangent space on this curved surface.

b)) X

X v Xy x Xy
N = - (2)
e ) N

Let t,, t, be the unit tangential vectors generated by two coordinates. Assuming & is the angle from t, to T, the unit
tangential vector T will be given by,

+ smé (3)

Iul

T =cos§ -t, +siné -t, = cosS

Hence the unit binormal vector is B=T x N.
The first fundamental form of a surface is defined as the following expression,

I =(ds)?=|dZ? = (§& dM+9UdU) (aud“+avdv> )
=%, E,L(du)2 + 22)“ Y,dudv + X, - X, (dv)?
The second fundamental form is then,
II=-d¥-dN = —(§2du + §Zdv) - (JNdu + FHdv) (5)
Since X, -N=0, X, -N=0,

T N+%, N,=0 %, -N+3%,-N,=0 )
Tou-N+Zy-Ny=0 Ty -N+3, -Ny=0

II can be written as,

I =-%, N,(dw)?-2%, Nydudv — X, - N, (dv)? 7)
— %, -N(AR)? + 28, - Ndpudv + oy - N(dv)?

If the two principal directions of this curved surface which are defined as (eq, e,) are coincident with coordinates direc-
tions (t,, t,) at every point, the second fundamental form II can be expressed by two principal curvatures x1 and k3,

=K1, T, (dp)* + KX, - Ty (dv)? (8)

Combine Egs. (7) and (8), the two principal curvatures x; and k, can be obtained,

TN

K1 =
¥y ®)
k2 =35,

If the angle £ is confirmed, one wire curve will be fixed, coordinates © and v will hold a specific relation. Let i be the
only parameter of this curve, considering the arc length s by definition is,

s(u)—/m

This yields the following expressions between arc length s and surface coordinate pu,

() - () () - () (2)

dE(,u) (10)




184 Y. Zhou, M.A. Vaz and X. Li et al./Applied Mathematical Modelling 87 (2020) 180-202

Scale 3:2

Fig. 3. Mathematical Model of a bent cylinder.

The kinematic description of moving Darboux frame (T, N, B) with respect to arc length s is defined as

T 0 knds  Kgds T
d|N | =|—knds 0 —Tods | [N (12)
B —Kkgds  Tyds 0 B

Where kg is geodesic curvature, k, is normal curvature and 7 is geodesic torsion of the curved surface.
Geodesic curvature kg can be derived by Liouvile proposition,
. d&¢
kg = (Kg)1€OS& + (kg)ySin& — R (13)
Where («g); and («g), are the geodesic curvatures of the coordinate curves v = const., and p = const., respectively.
Normal curvature k, can be obtained by the expression which is known classically as the Euler formula,

Kn = k1 COS2 € + Ko sin’ & (14)
Geodesic torsion tg can be derived by the following expression based on do Carmo’s textbook [31].
Te = (k1 — k) sin& cos & (15)

All the geometrical quantities presented above are the intrinsic features of surface and will as initial data contributes to
the next analysis of mechanical parts.

3. Geometrical analysis in armour wires
3.1. Calculation of basic geometrical quantities

A parameterization of a bent cylinder surface which can be seen as an abstract mathematical model for flexible pipes is
set up through the following Fig. 3.

The torus (main part of the flexible pipe) parametrical expression by Cartesian coordinates in matrix form is then given
by,

x(0, @) (R+r1-cosf)cose
X0,0)=|y0,9)|=| (R+r1-cosf)sing (16)
z(0,¢) r-sinf

It can be seen that the parametrical form of this surface is controlled by two parameters 6 and ¢. The two parameters
also enable to generate the orthogonal curvilinear lines on the surface which can better simplify the differential geometry
model. For convenience, the curvilinear lines are demonstrated implicitly in the paper. Then,the helical curve which is con-
sidered as the mathematical model of one single armour wire is embedded on this surface. However, due to uncertainty of
the bending condition which is restricted by external force, the relationship between two parameters 6 and ¢ which can
demonstrate the curve’s parameterization is now unclear. The geometrical pattern of the curve will be explicit only if the
mechanical part is finished.

By substituting Eq. (16) into all equations from preliminaries part, a set of results can be presented below,

—cosf cos g
N=M: —cos@sing (17)
|2 x Zy| —sinf
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Sr

Fig. 4. geometrical interpretation for wires’ slip.

X D
T = cos&§ <& +sing =&
|2 |2y
—sin6 cos @ —sing (18)
=cos&| —sinfsing | +sin&| cosg
cos6 0

Let ty be the unit vector generated by surface derivative X,. Then in the above expression & is the angle from t, to T by
definition.
The relation between arc length s and coordinate & can be derived by

2 2 2
ds dx 5 5 do
(d@) _<d€> =1+ (R+r-cosf) (d@ (19)
Two principal curvatures k1 and «, are
Yopo-N 1
AL S P
Yypp-N cos 6
2= Y, X, R+rcosh (20)
Then «n, kg and Tg can be obtained by using the values of «; and «».
R . 1
= R0 Ty
Kg = —ﬁ sin§ — ﬁ
&€~ R+r-cosf ds
Tg = cosésiné (21)

r(R+r1-cosf)
3.2. Interpretation for geometrical assumption

Since it is now not allowed to obtain the explicit relation between parameters 6 and ¢, a geometrical assumption is in-
troduced here to illustrate the correlation. A diagrammatic sketch of the geometrical evolution by wires’ slip can be demon-
strated by the following Fig. 4.

In the figure, a very small moving process of one single wire is captured from curve S to §’. The movement is slight
enough that the basic plane geometry relations still hold in this case. Let o be the angle between helix direction and &,.
Then the initial angle of o can be denoted by «.

A point on the curve is assumed to move from A to B. This moving trace can be decomposed into dA. and dAp, which
represent the unit displacement of the helix (relatively to the torus) along a parallel (6 constant), and displacement along a
meridian (¢ constant), A =1 - (6c — 6p), respectively. On the other hand, it can be also replaced by two other displacement
components dAg and dAr, which are unit displacements along B and T directions based on the position of initial helix.
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Considering the triangle which contains the initial helical angle o, it is feasible to develop a trigonometric function
relation using two right-angle sides of the triangle. The length of the perpendicular side can be calculated by subtracting
the extra length which can be easily expressed by the unit displacement components dA, and dA.. Then the following
tangent relation can be established by,

r-dé
R-dy — (dA, — cotag - dA,)

Note that the unit displacement components dA, and dA. are vectors pointing to specific directions. Hence, when cal-
culating the vertical distance between two curves s and s/, which is the denominator of the above equation, it is of vital
importance to add the negative sign before dA..

Since the following conversion formula between two forms of unit displacement components (dAg, dAt) and (dA¢, dAp)
is satisfied,

dAg| |cosag —sinag || dA. (23)
dAr | ™ | sinag cosag |[dAp

Eq. (22) can be further simplified by the following expression which brings to the relation between two parameters 6
and ¢,

dp r 1 dA, dA.
d6 ~ R-tanag [1 * r(t"““ode B d@)}

r 1 dAB
~ R-tanqy (l ~ r-cosag df ) (24)

It is shown in Eq. (24) that the relation between two coordinates # and ¢ can be written as a form controlled by
the variation of displacement component along B direction. This geometrical expression is also included in [11] and [26].
However, the distinction between helical angle and initial helical angle was not emphasized in the contents. Only original
helical angle which is a constant was adopted to participate in the final implementation. Based on comprehensive discussion
in geometrical part, an interpretation for this geometrical assumption is obtained. In Eq. (24), «¢ represents the initial
helical angle which is always a constant while the pipe is bending. Considering the variable helical angle @ which is now
an unknown quantity, more geometrical research is in demand to illuminate the variation mechanism.

=tanqy (22)

3.3. Further discussion of the mathematical model

Since Eq. (24) provides a connection between parametrical coordinates and lateral displacement, the key to variable wire
angle « is to build up the relation between wire angle o and parametrical coordinates.

Based on Eq. (3), the tangent vector of a curve embedded on a surface can be written by variable helical angle with the
following form,

T =sina-e; +coso - e, (25)

Where, e, e, represent the unit vectors generated by two parameters of a specific surface.
From the definition of surface, the following must hold,

dX(9, ¢) do de
& =T= Zga—&-):(pa (26)
Since,
Xy
e = <
b
[l (27)
e X
2="T% 7
||
Combining Eqs. (25), (26) and (27),
d0 sina  sina
ds %]
s [Zg] r (28)
dp cosa  cosa
ds ~ |Xy] = R+rcosf
The relation between wire angle « and parametrical coordinates is as follows,
do _ _ coto (29)

d6 ~ (R+rsinf)



Y. Zhou, M.A. Vaz and X. Li et al./Applied Mathematical Modelling 87 (2020) 180-202 187

Thus the relation between variable wire angle & and parametrical coordinates (6, ¢) is built up. Considering Eq. (24) with
Eq. (29), then,
dAg

0 =A(0) - cota + B(O) (30)

Where A(0) and B(€) are expressions controlled by parameter 6, which are the simplified forms of specific coefficients
derived from Eqgs. (24) and (29). A(f) and B(#) can be directly obtained by above derivation.

In order to establish a unified form in accordance with preliminaries part, the quantity & which represents the variable
angle between T and t, is chosen to replace « in the above equation. Note that, £ is always the complement angle of «,
then Eq. (30) will change into the following form,

% _ A6) - tan£ + B(6) (31)

By expanding tan£ in terms of & at point &, which denotes the initial angle of £ when the pipe is unbent, a linear
expression can be obtained by eliminating second and higher order terms of Taylor series. The linearized expression is
given by,

fang —tango + e (€~ &) (32)
Then,

dAB / /

G5 =N ©) -E+B®) (33)

Where A’(6) and B'(6) are the improved form of coefficients A(6) and B(6) based on Egs. (31) and (32).

If the angle & is confirmed, one wire curve can be fixed. 6 and ¢ will hold a specific relation. Let 6 be the only parameter
of this curve, this yields the following expressions, which is essential for next theoretical discussion.

2 2 2 )

(gg) :(Ccllg> =r2+(R+r.c050)2<3(g) =($) (34)

So far, the geometrical system is well organized by introducing the variable helical angle of armour wires. It is a remark-
able fact that Leroy and Estrier [12] had made an effort to bring lateral displacement into the theoretical system, which
was also cited in [26]. The developed theory provided a novel perspective to allow a binormal movement of armour wires
corresponding to the bending process. In other words, the helical angle of armour wires was changing. However, in these
theoretical models none of the equations could indicate the changing process of helical angle owing to the chosen constant
quantity of initial helical angle. Eq. (33) offers a connection between wires’ slip and variable helical angle in this differential
geometry model, which can be also used in next frictional discussion of armour wires. To solve the differential system it is
possible to have access to the exact value of helical angle’s variation, which will contribute to the analytical expression of
resultant moment and further global bending analysis.

4. Strain analysis before and after wires’ slip

In this part, a clear demonstration of strain process in armour wires is presented. In conventional theory, the expression
of strain ¢ is the following form, which can be seen in the literature such as [5,29].

&= —r-cos®asing -k (35)

However, there is an essential prerequisite to guarantee the validity of this equation. That is, slip of armour wires cannot
occur when the pipe is bent. The following discussion will emphasize this distinction of strain conditions before and after
slip. Two independent expressions of wires’ strain will be given herein.

First of all, the perfect helix on unbent cylinder is investigated. A parameterization of an unbent cylinder surface can be
established based on Fig. 3 and Eq. (16),

x(0, &) R+r-cos6

X(0.6) = |y(0.8) | =|r-tan&o -0 (36)
2(0, &) r-sinf

Since it is an unbent cylinder, the parameter &, is determined in the above equation instead of ¢. As is mentioned in

previous part, &g is the angle between T and ty. The subscript 0 indicates that the parameter is a constant. The surface will

therefore degenerate into a curve, which is controlled by only one parameter 6.
Then the arc length which can be represented by s; is given based on Egs. (10) and (36),

91dx () o] r
51:/90 =er dG:/O /coszé‘;odg (37)

According to different scenarios before and after armour wires’ slip, the strain analysis in bending situation is therefore
separated into the following two parts.
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4.1. Strain analysis before armour wires’ slip

If no slip occurs during the bending process, the helical wires will be fixed on the torus, the geometrical relation between
6 and ¢ remains in the unbent situation, which is still compatible with the rule in plane triangle,

dp r
T tan & (38)
Then, the arc length s, can be obtained by Egs. (10) and (16),
0 2 0 2 tan2
52=/ 2+ (R+r-cosf)? do dG:/ \/r2+(R+r-c050)27rtangod9 (39)
0 do o R2
Finally, the strain of one single armour wire before wires’ slip can be calculated by,
d52 )
g1 =-——=-1 =\/c052$0+ (1+r-kcosB)?.sin“&—1
dsl (40)

= \/1 +2r-sin®&ycos @ - k + 12 sin” &y cos2 6 - k2 — 1
Using Taylor’s formula, this expression can be simplified by expanding it in terms of x at point 0,
g1 ~1-sin’Ecos -k (41)

By unifying the mathematical descriptions such as the definition of helical angle of armour wires in a specific paramet-
rical model, the obtained expression of strain is identical with Eq. (35). Moreover, based on detailed derivation, in order to
satisfy the expression, two main prerequisites are revealed. Firstly, this strain expression can be used only in non-slippage
situation due to Eq. (38). Secondly, this strain expression cannot hold in large bending situation due to the limitation of
Taylor’s formula.

4.2. Strain analysis after armour wires’ slip

Based on above discussion and limitations, it is essential to move forward to the study of strain after armour wires’ slip,
which will be more compatible with the case in large bending situation.

In slippage region, Eq. (29) which denotes the geometrical relation between 6 and ¢ is applied to participate in the
implementation rather than Eq. (38), since the helical wires will no longer be fixed on the torus.

Arc length s, can still be calculated with the same process as that in Eq. (39). Then the strain of one single armour wire
after wires’ slip can be given by,

r2
cos?g cos2 &
=t—-1=] -1 42
&2 2 cos2& (42)

cos? &

By expanding the above equation in terms of £ at point &, the linearized strain expression after wires’ slip is obtained,

g ~tan&y(§ — &) (43)

To sum up, based on detailed discussion and induction in strain analysis, the conventional theory of armour wires’ strain
is modified. Eq. (41) which represents the strain of armour wires can be only applied in wires’ non-slippage region. After
wires’ slip occurs, Eq. (41) will be replaced by Eq. (43) to calculate the accurate strain of armour wires.

Note that, the critical curvature which determines the exact time of wires’ slip is of vital importance since the variation
of helical angle occurs after this curvature in the bending process. However, it is only a criterion which does not affect the
mechanism analysis of variable helical angle of armour wires. Hence, the discussion of critical curvature will be put in later
part.

5. Mechanical analysis

In mechanical part, the analysis is based on existing theory of curved beam which can be seen in the literature such as
[12,17,26]. Three parts including equilibrium equations, constitutive relations and friction study will be introduced as follows.

5.1. Equilibrium equations

Based on curved beam theory on vectorial form which is widely used by many authors such as Erichsen and Trues-
dell [32], Reissner [33] and Love [34], the componentwise equations of equilibrium along the local frame (T, N, B) can be
obtained by,

dFr

T knby — kgl + pr =0 (44)



Y. Zhou, M.A. Vaz and X. Li et al./Applied Mathematical Modelling 87 (2020) 180-202 189

Cllig + KnFr + TeFs + py = 0 (45)
% +KgFr — Tgfy +pp =0 (46)
% — knMy — kgMp +mr =0 (47)
%'FKnMT‘FTgMB_FB‘FmN:O (48)
% + KMy — TeMy + Fy +mz = 0 (49)

Where, kg, kn and T4 can be derived by Eq. (21). Fr, Fy, Fg and My, My, Mj represent the component sectional forces and
moments along directions of T, N, B respectively. Similarly, pr, pn, pg and my, my, mg respectively represent the component
distributed forces and moments along the same local directions.

5.2. Constitutive relations

The constitutive relations in helical wires are listed below to combine forces and deformations,

F =EAe (50)
Mg = Elg Ak, (51)
My = —ElyAkg (52)
Mr = —Gl,Atg (53)

Where E and G respectively represent elastic and shear moduli. A is the cross sectional area of the wire. Ig, Iy, I, are the
wire second moments of area. These quantities are known as constants when applying a specific case.

Akg, Akn and Aty are the changes of curvatures corresponding to the bending process. When the pipe is unbent, the
initial curvature components which is denoted by «2, /cg and ré) can be calculated by letting % =0 in Eq. (21),

0 — cos? &

nTr

0
kg =0 (54)
L0 _ cos &y siné

g r

Then Akg, Akp and ATg can be given by,

-2
0 . 2 sin® &

Akn = Kkn — k) = FRiT c0s0) sin“ & + (55)
P DL L Sy

Aleg = kg —leg = Rtr-cosf "% " ds (56)

R . cos &y siné

-7, 70 @ _ 22250277750

Atg =141, FRiT cos) cos& siné - (57)

It is noted that in Eq. (50) the tangential force Fy is only suitable for pure bending. If initial tensile force is applied,
Eqg. (50) can be modifed by,

Fr = EAe + EM (58)

Since the expression of strain is modified in the above part, it is apparently shown that the chosen of strain’s expression
will show influence on the final result of tangential force Fr. In other words, the mechanical analysis which contains the
effect of variable helical angle of armour wires will exhibit two independent scenarios before and after armour wires’ slip.

5.3. Analysis of friction

In equilibrium equations, frictional force cannot be applied in direct form. Considering one layer of armour wires,
Coulomb friction is chosen to set up the frictional model of armour wires. The following scalar components gyr and ggp
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(per unit length of a helix) are the orthogonal projections of friction force onto the two unit vectors in the directions of T
and B respectively, which also represent pr and pg in Eqs. (44) and (46).

A
Qf,T:pT:%'f'PN (59)
\ AZ 4+ AZ
A
2 f-pN (60)

dfp=Pp= —F7——
\ A2+ AZ

Where, f is the friction coefficient between interfaces, py is the contact pressure (per unit length of a helix) which is also
the normal force in Eq. (45). Ar and Ag can be written as

-~ 9Ar
Ar= 5= (61)
0l
Ap= 5 (62)

The derivative form denotes sliding velocity of armour wires with respect to bending curvature «. This approach of
friction on armour wires is followed by [12,26].

6. Solution

Based on above geometrical and mechanical analyses, a theoretical system of this engineering model is revealed. Consid-
ering the different scenarios before and after wires’ slip, the solution is also divided into the following two parts.

6.1. Before armour wires’ slip

In non-slippage situation, helical angle of armour wires in flexible pipes is a constant. The unknown quantities in this
scenario are all kinds of component forces and moments which can be calculated by equilibrium equations. Although these
unknown quantities are not emphasis in the bending problem of flexible pipes, the critical curvature which determines the
time of wires’ slip can be calculated in this scenario.

According to the equilibrium relation of armour wires in tensile armour layers, the wires remain relative static unless
the following equation is not satisfied,

dFy

Where, Fr denotes the tangential force of one single armour wire. gy represents the frictional force(per unit length of a
helix).
When pure bending is applied in the case, the left side of the above equation can be given by,
dj _ d(EAey) %
ds — df ds
This equation describes the variation of tangential force with respect to arc length. It can be seen that the tangential
force of armour wires is controlled by two variable parameters, which are the parametrical coordinate # and the global

curvature x. When a specific curvature « is given, the maximum of tangential force is obtained by letting & =0 in the
above equation. Then the critical curvature which is represented by « can be calculated,

o — as _ fon
a = 02 - 2
EAsin“§ycos&y  EAsin® &y cosé&y

Generally, by knowing the axial tensile force of flexible pipes, the tangential component force on each single armour
wire can be obtained. Then according to equilibrium equations in unbent condition, the relation between tangential force Fr
and contact pressure py is given herein. By substituting the value of tangential force Fr into this relation, the final critical
curvature ko can be calculated with the obtained value of contact pressure py.

= EAsin® & cos &y cosO - k (64)

(65)

6.2. After armour wires’ slip

When armour wires begin to slip along the torus, the study keystone is to calculate the variable helical angle of armour
wires in flexible pipes. In this bent scenario, all available equations corresponding to the unknown quantity £ are included in
above discussion, which are Eqs. (55) to (57), Egs. (43), (33) and (32). They represent the variations of component curvatures,
the strain of armour wires in slippage region, the relation between arc length s and parametrical coordinate 6 and the
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relation between lateral displacement Ag and variable helical angle &, respectively. The other related equations include the
equilibrium Egs. (44)-(49), the constitutive relations (50)-(53) and the frictional expressions (59) and (60).

Note that, the current partial differential system is complex to find exact solution. Based on previous discussion in [26],
this theoretical system exhibits a linear tendency with respect to bending curvature x within one cycle of the bending
process. Hence two approximate equations are given here to simplify the model, Aj ~ %, Ap ~ %, which transform the
whole system into an ordinary differential system with 18 equations.

Meanwhile, the unknown quantities are component sectional forces Fr, Fy, Fg and moments My, My, Mg, component
distributed loads pr, py, pp and moments my, my, mp, component curvatures kg, Kk, and Tg, component displacements Ap
and Ar, strain ¢, arc length s and the variable helical angle &.

In conventional methods, my and mp are simplified to zeros on account of their limit contribution to the system. Mean-
while, my can be calculated individually by Eq. (47). Formally, it is preferable to follow this approach since the number
of unknown quantities can reduce to 18. Then the differential system of equations will be balanced which can be solved
by searching for numerical algorithms. The boundary conditions can be assumed by setting wire slip Ag and Ar to null
corresponding to the two end fittings of the flexible pipes.

7. Case study

In order to validate the established theoretical model, several published results related to local behavior of armour wires
in flexible pipes are chosen here to make comparison with the proposed method. Since variable helical angle of armour
wires in flexible pipes is a preliminary investigation in slip model, the emphasis of this work lies in the first half cycle of the
bending process which focuses on the monotonic response. The hysteretic response can be further studied by considering
the solution of the original partial differential system. Besides, one of the 2 armour layers are assumed to implement the
study, which can better simulate the local behavior of armour wires by theoretical method.

7.1. Case study i: frictionless study

Stresses and slips in local armour layers of bent flexible pipes were studied in [12]. The strain of armour wires was
represented as a function of tangential displacement Ar, which differs from other conventional theoretical descriptions,

_sinap dAr T 5
= + ¢ - cos o - cos 6 (66)
A verification of this expression can be made by comparing with Eq. (41). Considering an unbent situation of a flexible
pipe, At will be null since no slip occurs in armour wires. Eq. (66) can be simplified by,

8:%-COSZ(){OCOSG=T'Sin2$0C059'K (67)

Hence, in unbent situation of flexible pipes, the expression exhibits a same form with Eq. (41).

Considering the slippage region of armour wires, combining Eq. (66) and Eq. (43), then a relation between tangential
displacement Ay and variable helical angle of armour wires can be given by,

43 _c@)-£+0®) (68)
de

C(0#) and D(@) can be directly obtained by Eq. (66) and Eq. (43). The two coefficients are introduced here also to simplify
the equations. This expression is obtained by using the existing equation in [12], which can be a reasonable comparison
material to testify the accuracy of the proposed theoretical model of variable helical angle of armour wires. Ag and At can
be calculated by solving the differential system using numerical methods, which lead to the final result of variable helical
angle either by Eq. (33) or the derived Eq. (68) by published reference.

As is shown in [12], the flexible pipe was subjected to a bending process from x =0 to ¥ = 0.1 m~'. Considering the
outer tensile armour layer, the following input data was used:

E=2-.10"Pa, A=b-h=36mm?
oy =35°— & =55°, r=2_83.8mm
For convenience, the differential system solved by using of a commercially available solver known as NDSolve in the
Mathematica programming environment. It is superior to choose this method since the solver is fairly stable and efficient

and provides easy access to the final results.
Here, let

E=£(-§& (69)

Where £ denotes the variation of helical angle, which can exhibit a final result with a zero oscillation center and it is
more convenient to reveal the basic features of the variable helical angle model.
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In order to validate the proposed theoretical model preliminarily, a frictionless case study is made first to investigate
the feasibility of this approach. In frictionless situation, helical wires will slip from beginning of the bending process. pr
and py will be neglected. The differential system is conveniently solved by numerical solution in NDSolve programming
environment.

Fig. 5 shows the result of lateral displacement Ay along parametrical coordinate & under specific bending conditions. In
the meantime, Fig. 6 shows the similar result of tangential displacement A7 with respect to parametrical coordinate 6. The
two figures exhibit a similar sinusoidal shape. The data calculated by the system are in accordance with those in [12,26].

Fig. 7 exhibits the variable helical angles of armour wires derived both by the proposed and corresponding [12] methods,
see the representations of Eqs. (33) and (68). Compared to an implementation through the lateral displacement Ag, it shows
the similar results which derived by equations provided in [12]. From the figure it can be seen that, the values of helical
angle derived by two ways are basically coincident. Therefore, it is shown that the proposed theoretical method is reliable to
predict the local behavior of armour wires in flexible pipes. The mathematical solution algorithm for calculating the variable
helical angle is also the main contribution of this work.

However, in this frictionless case study, the change of helical angle is very small. The oscillation curves demonstrate an
amplitude of only 0.5 degrees. By scrutinizing the theoretical model with different input data, it is seen that the size of
flexible pipe will show significant influence on the final result of variable helical angle. Leroy and Estrier [12] provided a
small pipe with a diameter of 156.6 mm in helical layers (approximately a 6-inch pipe). The scale of this pipe makes it
impossible to observe a remarkable oscillation tendency of helical angle. A case study with a larger size of flexible pipe
which will be introduced in the next part is in demand.
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7.2. Case study ii: inclusion of friction in large flexible pipe

@stergaard et al. [18] provided a larger size pipe with the following input data,

E=21-10"Pa, A=b-h=125 x5 =62.5mm?
o =30°— & =60°, r=276.2mm
f=0.1, FTi"i = 6300N

In this case the frictional effect is taken into consideration. Similarly, results for lateral and tangential slips and variation
in the helical angle as a function of the circumfenrential coordinate can be obtained as seen in Figs. 8-10.

It is shown that the wire slips Ag and Ar exhibit larger scales compared to case study i since a larger pipe is applied,
although frictional effect is included. The data calculated by the theoretical system are also in accordance with those in [18].
Meanwhile, the change of helical angle is near 5° corresponding to the maximum bending curvature (k = 0.1m™1).

From [29], an analytical expression for the resultant moment of one single bent armour wire can be given by

1 . 1 .
M= iEAr2 sin& -k + E(Glp cos? £ + Ely + Elg sin® § )« (70)

It can be seen that the helical angle £ is the only variable quantity in the formula. Accordingly, the slip process is
therefore divided into non-slippage region and slippage region due to static friction effect between layers at the beginning
of bending. Meanwhile, considering the unbent condition, py can be calculated by F™ using Eq. (45). Then the critical
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curvature can be obtained by,

_ fpn
EAsin&, cos &

By using the result of helical angle’s variation corresponding to the change of bending curvature, a nonlinear bending
moment-curvature relation can be established. Fig. 11 describes the change of resultant moment of one single armour wire
with respect to bending curvature. Due to Both scenarios of non-slippage and slippage regions are considered in this case.
From the figure it can be clearly observed that the curve’s slope is decreasing in the slippage region. Meanwhile, the dashed
line in the figure represents the M - x relation with no effect of the helical angle change. The corresponding curve can
apparently simulate the hysteretic bending moment-curvature relation which is frequently observed in practical applications
of flexible pipes.

Note that, in recent research, the hysteretic response can be also simulated by dividing the bending process into three
scenarios, nonslip, progressive slip and full slip regions. Different expressions are applied to change the bending stiffness
such as Witz and other authers [5,29] because of the friction and energy effects. They assumed that the armour wires
could only move in geodesic direction, i.e., the constant helical angle hypothesis. Differ from the proposed method, the
stiffness decreased very straight since the main "EI” was omitted when the wires began to slip. The presented method
provides another perspective of global bending process which is the variable helical angle hypothesis. It can lead to a better
simulation of the bending response compared to previous analytical results.

—0.003m™! (71)

Ker
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Although in [17], @stergaard at al. did not make quantitative analysis of global bending problem in flexible pipes, a
numerical bending simulation research of the relation between resultant moment and curvature in one single armour wire
is presented in subsequent paper [18]. In order to validate the theoretical model, a controlled verification is presented
here. Without jeopardy to the comparison, it should be noted that in [18] the flexible pipe is under compression. Based on
the numerical model result for the angle variation, and combining it with the analytical expression Eq. (70), the bending
moment versus curvature curve for one single armour wire is plotted in Fig. 12 for the first half bending cycle together
with the results from [18]. It can be seen that the results are within a certain range of error. If the variable helical angle
model is not introduced here, the numerical result would be a straight line with constant slope. This will lead to a distinct
divergence between the two compared results. Because of the variable helical angle, the hysteretic phenomenon of the
relation between resultant moment of one single armour wire and bending curvature is occurred to confine the compared
error within a specific range, especially the amplitude data.

7.3. Case study iii: experimental comparison

In order to move forward to analyze the global bending problem of flexible pipes, a comparison study with an experi-
mental test provided in Ref. [35] is emphasized. Generally, it is not easy to observe the change of local armour wires since
helical layers are internal. The comparison is based on the resultant moment of a whole flexible pipe. Moreover, in Ref.
[35] the friction along longitudinal direction, i.e., one dimensional friction, is focused on in the work. That meant the work
only allowed geodesic slip of helical wires. Since the FE result proposed in this literature matched the experiment test
well, this could also be a comparison with the constant helical angle hypothesis. The input data was given detailedly in the
literature, see Table 1.
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Table 1

Input data in Ref.[35].
Parameter Value Unit
Barrier (Core) mean radius 58.3 mm
Pressure spiral mean radius 64.05 mm
Anti-wear tape 1 mean radius 68.2 mm
Anti-wear tape 2 mean radius 72.2 mm
Inner tensile armour mean radius 70.3 mm
outer tensile armour mean radius 74.3 mm
Tape (Nylon) 75.4 mm
Plastic layers’ Young’s modulus 1100 MPa
Outer sheath mean radius 78.55 mm
Pressure spiral area 35 mm?
Steel wire’s Young’s modulus 210 GPa
Inner/outer tensile armour area 10 mm?
Inner/outer tensile armour layer angle  -38/38  deg
Number of inner tensile armour 61
Number of inner tensile armour 65

The rest known information is as follows,
A=b-h=5x2=10mm?
k:0— 1~011m!
f=026, Pt =200bar = 20MPa
Then, the critical curvature can be obtained by,

_ Man . uR"
o = - =
EAsin®£ycos&,  Etsin’&, cos &
Where, t is thickness of the armour wire.
Note that, this experimental test also provided a pipe sample with small size. However, it is still feasible to observe a
relatively obvious hysteretic phenomenon in M — k relation if the contributions of all helical wires are accumulated.

To calculate the overall resultant bending moment, contributions of every layer in the flexible pipes are therefore taken
into account. The fundamental equation of a bending beam is provided as follows,

M=El k (72)

=0.0077m™!

The equation of a torus object’s second moment of area is,

4
7 D* d
Itorus = 67 1- (D) (73)

Where, d and D represent the internal and external radii of the torus.
Moreover, the equation of rectangle Object’s second moment of area, especially for the two tensile armour layers and
carcass layer are,

bh3
Irectangle = ﬁ (74)

Where, b and h represent the length and thick of the rectangle.
For multiple layers, a simple accumulative method is chosen to obtain the global resultant moment,

Mresultant = (E111 +EbL+--- Enln) K (75)

It is noted that in conventional solution, the calculation of one armour layer’s resultant bending moment is decided by
adding the same contribution of every single armour wire. Since in Ref. [35] the number of tensile armours are given in
detail, it is reasonable to follow this assumption to make a controlled verification.

Using the data above, the change of helical angle can be obtained. To capture the global bending moment phenomenon,
every layer in the flexible pipe is considered with the provided information in Table 1. In this case, by capturing enough
points information in the comparative paper with Test No.5 Measurements, the final comparison of the global bending
moment is presented in the following figure.

The compared results shown in Fig. 13 also validate the proposed theoretical model of variable helical angle of armour
wires in flexible pipes. Due to limitation of the variable helical angle method, the curve’s change of the proposed theoretical
result is smoother than the experimental result in Ref. [35]. In the presented solution, only one equation (Eq. 70) is used to
simulate the bending moment. However, the divergency of amplitude data is within a small range. The changing tendencies
of both curves are similar to simulate the nonlinearities of global bending problem in flexible pipes. Furthermore, because
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of the geodesic slip hypothesis, the results in Ref. [35] presented a higher stiffness tendency which is more similar to the
experimental results.

In practical engineering applications, by means of the introduction of variable helical angle, a better interpretation for
the bending behavior of flexible pipes is proposed. For instance, in marine environment, when cyclic bending behavior is
occurred in flexible pipes, the final hysteretic phenomenon would not be well observed if all layers of flexible pipes are
fixed without loxodromic slippage, since the material of armour layers is considered to be linear elastic. On the contrary,
based on the proposed model which considered the influence of variable helical angle of tensile armour wires in flexible
pipes, the relative slippage of armour layers and the factor of friction are also included, a comparatively more convincing
perspective of local armour layers’ behavior in flexible pipes is provided.

7.4. Parametric analysis

In the paper, the another cardinal goal to analyze the variable helical angle of armour wires in flexible pipes is to exhibit
some new conclusions about the change of variable helical angle by controlling the values of other parameters such as
initial tensile force or friction coefficient. Since the impact of variable helical angle has not been observed as a fundamental
research target in previous literature, some novel rules about the behavior of armour wires may be observed.

7.5. Parametric influence on variable helical angle

In this section, four quantities are chosen as the controlled parameters to observe the variation of helical angle along the
coordinate 8. These quantities are initial conditions which need to be given from the beginning of the calculation process.
Therefore, changing these initial conditions will bring significant influence on the final results of helical angle while bending
the pipe.

For convenience, the input data is provided by Case Study ii, so as to make a clear quantitative analysis around these
chosen parameters.

By collecting numerical results in every calculation process while changing the chosen quantities, Figs. 14-17 are obtained
to analyze the parametric influence on variable helical angle by three scenarios corresponding to the given quantity.

The first controlled parameter is initial helical angle. In a given flexible pipe, armour wires are forced to wind along a
specific spiral angle. In a perfect straight pipe, the original helical angle is a constant. Since too small helical angle will bring
some unstable phenomenon in the numerical solution, three appropriate values (o /& - 30/60, 35/55, 40/50) presented in
the figure are chosen. It can be seen in Fig. 14, ag/€g - 30/60 is the original data used in Case Study ii. When increasing
the value of initial helical angle, the changing of helical angle with respect to bending curvature is reduced. Considering the
geometrical relation provided in Fig. 4, this result shows a reasonable phenomenon. That is, if the pipe is winded by helical
wires in a tighter condition, it is harder to bend the pipe, as well as to change the helical angle. The observed phenomenon
is also in accordance with other simplified equations that assume geodesic or loxodromic slip of armour wires.

The second controlled parameter is initial tensile force. This parameter is given initially to provide contact pressure
between layers in flexible pipes. In Fig. 15, when distinctly increasing the value of F;, the variable helical angle corresponding
to coordinate # does not change substantially. However, by local magnification around the peak area in Fig. 15, a decreasing
tendency can be found. It is shown that, the increasing of initial tensile force can also reduce the change of helical angle
with respect to bending curvature due to intensifying the contact pressure between layers in flexible pipes.
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The third controlled parameter is friction coefficient. If the parameter increases, the friction force between helical layer
and adjacent layers will also increase. This will cause a decreasing tendency of the variable helical angle. The result shown in
Fig. 16 is similar to that in Fig. 15. It shows that friction coefficient and initial tensile force have similar effects on changing
the condition of helical wires. Furthermore, unlike the results in Fig. 14, it can be clearly seen in Figs. 15 and 16, these two
parameters can only change the value of helical angle at the middle area corresponding to coordinate 6.

The fourth controlled parameter is bending curvature. The result of this controlled test is apparently predictable in Fig. 17.
Since the increasing of bending curvature can obviously enlarge the change of armour wires, this will lead to the increasing
of helical angle’s change.

7.6. Parametric influence on global bending moment

After the parametric analysis on variable helical angle, it is essential to move forward to observe the results of the
above controlled parameters on the global bending problem. Considering the obtained numerical results of variable helical
angle, the final controlled M - k relation in three scenarios can be given by substituting into Eq. (70). Nevertheless, in this
section the bending curvature « will become the parameter of the abscissa, choosing bending curvature as a controlled
quantity to analyze is not appropriate. Hence, only original helical angle, initial tensile force and friction coefficient are
determined to participate in this parametric analysis on global bending moment. Moreover, in all these studies, the impact
of not considering the helical angle variation is not presented. In the representation, only Eq. 70 is considered to simulate
the bending moment. The progressive slip of the wires are accounted based on summation of the contributions in Eq. 70.
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If the helical angle variation is omitted, all curves would be linear. Only the change of original helical angle will act on the
results of this parametric analysis.

The parametric results corresponding to original helical angle, initial tensile force and friction coefficient are presented
in the following Figs. 18-20.

In Fig. 18, it can be apparently shown that the increasing of original helical angle exhibits a significant influence on the
whole value of global bending moment with respect to bending curvature. It will require larger force and moment to bend
the pipe while the original helical angle increases.

In contrast, differ from the results in Fig. 18-20 illustrate another similar ramification of the M - k relation, which is, the
final value of global bending moment does not change, while the local curve’s shape slightly changes. This is mainly because
the two parameters do not have influence on the variable helical angle corresponding to the end fitting of the flexible pipes,
yet can show an effect on the local part of armour wires. If initial tensile force or friction coefficient increases, larger bending
moment is in demand while under the same bending condition.

8. Conclusion

In this work a theoretical method for variable helical angle of tensile armour wires in bent flexible pipes is presented. On
basis of differential geometrical discussion and mechanical model on curved beam theory, a system of non-linear differential
equations is established to analyze the local behavior of armour wires in flexible pipes. The process of calculation is written
in detail including a developed analytical discussion on armour wires’ strain theory before and after wires’ slip. Due to
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complexity of the local differential geometrical behavior of armour wires, the changing of helical angle with respect to
bending curvature is usually implicit in previous work. However, the study shows that the underlying mechanism of variable
helical angle of armour wires in bent flexible pipes may influence the global bending process of flexible pipes, which will
have a wide range of applications in further theoretical research in this filed.

Several case studies are made to investigate the reliability of this theoretical method. Throughout a comparison with
a theoretical model in previous paper, the sound theory of local behavior in armour wires that accords with the strain
discussion is substantiated. The calculation in the study shows that the slips and helical angle corresponding to bending all
have sinusoidal shapes versus parametrical coordinate 6. In addition, by applying the variable helical angle theory into global
bending model of flexible pipes, a nonlinear response in a monotonic loading of the bending moment-curvature relation is
revealed theoretically. All the data and results can be a satisfactory reference to simulate the bending situation of tensile
armour layers in flexible pipes. Controlled verification in global bending problem including every layers in flexible pipes
is also implemented, as well as the parametric analysis corresponding to original helical angle, initial tensile force, friction
coefficient and bending curvature which can reveal a series of conclusions based on the variable helical angle hypothesis.
The provided results enable a preliminary examination of the global bending research which can be a reliable guidance for
further cyclic study of bent flexible pipes.

Although the theoretical study presented in this paper finds evidence for predicting local behavior of armour wires in
flexible pipes, due to its limitation some factors are still not satisfactory. The effect of variable helical angle in tensile armour
wires on global bending is sensitive to the size of pipe. The cyclic bending study is also not included since it is convoluted
to improve the non-linear differential system. Further studies are therefore in demand to consider the cyclic effect on this
bending model of flexible pipes. The reliable prediction of global bending problem for multiple layers with the developed
theoretical method is in need of investigation in the future.
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